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Abstract. In this paper, we prove Hamilton's Harnack inequality and Hamil- 
ton type gradient estimates of the logarithmic heat kernel for the Witten Lapla- 
cian on complete Riemainnian manifolds. As application, we prove the W- 
entropy formula for the Witten Laplacian on complete Riemannian manifolds 
with natural Bakry-Emery Ricci curvature condition. We also prove a fam- 
' ily of logarithmic Sobolev inequalities on complete Riemannian manifolds with 

^ , /z-bounded geometry condition. 

(N 

^ ■ 1 Introduction 



In a seminal paper [41], Perelman proved the VF-entropy formula for the Ricci flow on 
compact manifolds. As a consequence, the H^-entropy of the Ricci flow is nondecreasing in 
. time and the monotonicity is strict except that M is a shrinking Ricci solitons, i.e., for some 

/ e C*°°(M) and r > 0, it holds 
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, As was pointed out in [41], this result "removes the major stumbling block in Hamilton's 

approach to geometrization" . See also [8, 10, 21, 35]. 

During recent years, many people have established the VF-entropy formula for various 
geometric evolution equations [9, 28, 29, 39, 40, 14, 31, 23]. In [39, 40], Ni proved an analogue 
of Perelman's W-entropy formula for the linear heat equation associated with the Laplace- 
Beltrami operator on complete Riemannian manifolds with fixed Riemannian metrics. More 
precisely, let M be an n-dimensional complete Riemannian manifold with a fixed Riemannian 
metric g, and let u(x, r) = ^ 47rT ^„ /2 be the heat kernel to the heat equation 

d T u = Am. 

The M^-entropy for the above heat equation is defined by 



w(u ' t) = L [r|v/|2 + f n] w^ dv 



♦Research supported by NSFC No. 10971032, Key Laboratory RCSDS, CAS, No. 2008DP173182, and a 
Hundred Talents Project of AMSS, CAS. 
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Under some technical assumptions, Ni [39, 40] proved the following entropy formula 



dW(u,T) n f _( g 2 



dr 



JM \ 



J 2t 



Ric{Vf, V/) udv, 



which implies that W(u, r) is decreasing in r on complete Riemannian manifolds with non- 
negative Ricci curvature. See also [11]. 

In our previous paper [28], the author further extended the W^-entropy formula to the 
heat equation associated with the Witten Laplacian on complete Riemannian manifolds. 
More precisely, let M be a complete Riemannian manifold with a fixed Riemnnian metric g, 
(j> e C 2 (M) and dfi = e^^dv, where v is the Riemannian volume measure on (M,g), and let 

L = A- V0- V 

be the Witten Laplacian on (M, g) with respect to the weighted volume measure \x. Following 
[5, 32, 25], we introduce the m-dimensional Bakry- Emery Ricci curvature on (M,g, <j>) by 

Mc m . n (L) :=i?, C + V 2 0-^^, 

m — n 

where m > n is a constant, and m = n if and only if is a constant. Let u be a positive 
solution of the heat equation 

d t u = Lu, 

and define 



f Tfl 

H m (u,t) = - / ulogudu - — (1 + log(47ri)) . 
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In [28], the author introduced the W-entropy for the Witten Laplacian by 



W m (u,t) = j t (tH m (u,t)), (1) 



and proved that 



W m (u,t)= f (t]V/| 2 + /-m) ,, e ' /2 dn, (2) 

JM (47TIJ ' 

_/ 

where u = ^ 4 ^ m / 2 ■ Moreover, it was proved in [28] that the following IF-entropy formula 

-/ 

holds if u = is the heat kernel of the Witten Laplacian on complete Riemannian 

manifolds satisfying the so-called /x-bounded geometry condition 



dW m (u,t) 
dt 



t 

M 



n 2 

v 2 f-f 

2t 



+ Ric min (L)(Vf,Vf))ud f i 

-hi' 



/ t Vf V/+ — — udfi. 3 

m-nJ M V 2i J 

As a consequence, if (M,g,(f>) satisfies the ^-bounded geometry condition and 

(L) > 0, 

then the W-entropy is non-decreasing in time t, i.e., 

at 
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which extends the above result due to Ni [39, 40]. Moreover, under the above conditions, 
the author proved that -^W m (u,t) = for some t > if and only if M is isometric to R™, 
m = n, <p is a constant, L = A, and w is the standard Gaussian heat kernel on M". 
When m e N, consider the warped product metric on M™ x S m ~ n defined by 



9m 



0e 



where S m ~ n is the unit sphere in R™-^ 1 with the standard metric g§ m - n . By a classical 
result in Riemaniann geometry, the quantity Ric m ^ n (L) is equal to the Ricci curvature of 
the above warped product metric g on M n x S m ~ n along the horizontal vector fields. See 
[32, 25, 49] and reference therein. Thus, the m-dimcnsional Bakry-Emery Ricci curvature 
Ric m ,n(L) has a very natural geometric interpretation. On the other hand, according to 
[28], we say that (M,g,(f>) satisfies the /x-bounded geometry condition, if the Riemannian 
curvature tensor as well as its first and second order derivatives are uniformly bounded, 
<p € C 4 (M) with € Cfc(M), and the /lx- volume of the geodesic balls of a fixed radius 
ro > is uniformly bounded from below by a positive constant with respect to their centers, 
i.e., 

Ho := inf n(B(x,r )) > 0. (4) 
xeM 

It is easy to see that the uniformly volume lower bound condition (4) implies that the total /it- 
volume of M is infinity if M is non-compact. This excludes the case where /x is a probability 
measure on M. Moreover, by Theorem 2.8 in [27], on complete Riemannian manifolds with 
Ric mtn (L) > —K for some constant K > and with the uniformly lower bound condition 
(4), the following Sobolev inequality holds 



< C 



(f iVjf^ + / V/eC °°(M). 
\Jm Jm J 



Thus, at least from a geometric and analytic point of view, the uniformly volume lower bound 
condition (4) is too restrictive for the validity of the VF-entropy formula (3) for the Witten 
Laplacian on complete Riemannian manifolds. It is very natural to ask the question whether 
the VF-entropy formula (3) remains valid on complete Riemannian manifolds without assum- 
ing the uniformly volume lower bound condition (4) . This is certainly an important issue in 
view of an extensive interest on the study of geometry and analysis on complete Riemannian 
manifolds with smooth weighted volume measures [5, 6, 16, 25, 28, 29, 38, 49, 48, 36, 37]. 

The purpose of this paper is to prove the VF-entropy formula for the Witten Laplacian 
on complete Riemannian manifolds with more natural geometric conditions in which one 
need not to assume the uniform lower bound condition (4). Indeed, after the paper [28] was 
accepted, we observed that the uniform volume lower bound condition (4) can be removed. 
See the Note added in proof of [28] . Our observation is essentially based on the fact that one 
can prove some Hamilton type gradient estimates for the logarithmic of the heat kernel of 
the Witten Laplacian on complete Riemannian manifolds on which one need not to assume 
the uniform volume lower bound condition (4). In [28], the author obtained these type 
gradient estimates on complete Riemannian manifolds satisfying the /x-bounded geometry 
condition. In this paper, we prove Hamilton's Harnack inequality for all bounded and 
positive solutions to the heat equation of the Witten Laplacian and prove the Hamilton type 
gradient estimates of the logarithmic of the heat kernel for the Witten Laplacian on complete 
Riemannian manifolds with natural geometric conditions. As application, we derive the W- 
entropy formula and prove the rigidity theorem of the VF-entropy for the Witten Laplacian 
on complete Riemannian manifolds with natural Bakry-Emery curvature condition. 

The rest of this paper is organized as follows. In Section 2, we state the main results of 
this paper. In Section 3, we prove Hamilton's Harnack inequality for the Witten Laplacian 



3 



on complete Riemanian manifolds. In Section 4, we prove the Hamilton type gradient esti- 
mates of the logarithmic heat kernel of the Witten Laplacian using a method of stochastic 
analysis. In Section 5, we prove the VF-entropy formula and derive the monotonicity and 
rigidity theorem of the M^-entropy for the Witten Laplacian on complete Riemannian man- 
ifolds with natural Bakry-Emery Ricci curvature condition. In Section 6, we prove a family 
of logarithmic Sobolev inequalities on complete Riemannian manifolds with /i-bounded ge- 
ometry condition. In Section 7, we give an analytic proof of the first order gradient estimate 
of the logarithmic heat kernel of the Witten Laplacian operator. In Section 8 we develop 
another probabilistic approach to the Hamilton type Harnack inequality for the Witten 
Laplacian on complete Riemanian manifolds. 



2 Statement of the main results 

Let (M, g) be a complete Riemannian manifold, / <G C 2 (M) and dfi = e~?dv, where dv 
denotes the Riemannian volume measure on (M, g). For all u,v € C^°(M), the following 
integration by parts formula holds 

/ (V«, \7v}d/j, = — / Luvd[i = — I uLvd/i, 
Jm Jm Jm 

where L = A — V<j) • V is the Witten Laplacian on (M, g,<fr). In [5] , Bakry and Emery proved 
that for all u e Cg°(M), 

L\ Vu| 2 - 2(Vu, VLu) = 2|V 2 u| 2 + 2(Ric + V 2 0)(Vu, Vu). (5) 

The formula (5) can be viewed as a natural extension of the Bochner-Weitzenbock formula. 
The quantity Ric+ V 2 </>, which is called in the literature the Bakry-Emery Ricci curvature 
on the weighted Riemannian manifolds (M, g, 0), and plays as a good substitute of the Ricci 
curvature in many problems in comparison geometry and analysis on complete Riemannian 
manifolds with smooth weighted volume measures. See [5, 16, 25, 28, 29, 38, 49, 36, 37] and 
reference therein. 

Consider the heat equation 

(., 

The heat kernel pt(x,y) to the heat equation (6) is defined by 

u(t,x)= u(0,y)p t (x,y)dfi(y). 
Jm 

We now state the main results of this paper. The first result of this paper is the following 
Hamilton's Harnack inequality for the heat equation of the Witten Laplacian on complete 
Riemannian manifolds. 



Theorem 2.1 Let M be a complete Riemannian manifold, and <fi e C 2 (M). Suppose that 
there exists a constant K > such that 

Ric + \7 2 (j) > -K. 

Let u be a positive and bounded solution to the heat equation 

d t u = Lu. 
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Then for all x E M and t > 0, 




(7) 



-where 



A := sup{u(t, x) : x <G M, t > 0}. 



As a corollary of Theorem 2.1, we can derive the following gradient estimate and the 
Liouville theorem due to Brighton [7]. See also Remark 3.4 below. 

Corollary 2.2 Let u be a bounded and positive L -harmonic function u on M . Then, under 
the same condition as in Theorem 2.1, we have 



where A = supu — inf u. In particular, if Ric + V 2 (/> > 0, then every bounded L-harmonic 
function must be constant. 

The following two results provide us with the Hamilton type gradient estimates of the 
logarithmic heat kernel of the Witten Laplacian on complete Riemannian manifolds with 
natural geometric conditions. 

Theorem 2.3 Let M be a complete Riemannian manifolds, and <fi e C 2 (M). Suppose that 
there exist some constant m > n and K > such that 

Ric m . n {L) > -K. 

Then, for all T > 0, there exists a constant C(K,m,n,T) > such that 

| V \og Pt (x, y) | < C(K, m, n, T) + -L) 

holds for all x,y e M and t e (0, T] . 

Theorem 2.4 Let (M,g) be an n-dimensional complete Riemannian manifold. Suppose 
that ||V fe Riem|| < C k for some constant C k > 0, < k < N , cj> e C N+1 (M) with V0 G 
Cj^(M), and there exists some m > n, K > such that Ric m , n (L) > —K. Then, for all 
T > 0, there exists a constant Cn(K, m, n,T) > such that 



holds for all x,y € M and t e (0, T] . 

Based on Theorem 2.3 and Theorem 2.4, we have the following result on the VF-entropy 
for the Witten Laplacian on complete Riemannian manifold, which improves a previous 
result obtained in [28]. 

Theorem 2.5 Let (M,g) be a complete Riemannian manifold. Suppose that ||V fc Riem|| < 
Cfe for some constant Ck > 0, < k < 2, <f> £ C 4 (M) with V(j> £ C^(M), and there exists 
some m > n, K > such that Ric m , n (L) > —K. Let 



Vlogu| < 2iflog(A/(u-infu)), 




u(t,x) = 



{4irt) m / 2 ' 
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be the heat kernel of the heat equation 



du 

m =Lu - 



Then, for all t > 0, we have the following entropy formula 
dW m (u,t) 



dt 



t 

M 



9 2 



V f- n 



Im ( 



+ iJic rn ,„(L)(V/,V/) ) udfi 

2 



m — n , 
V</> • V/ H — - ud/i, 



m — n J M V 2t 

where 



e 



-f 



W m (u,t) = j M (i|V/| 2 + / - m) j^j- 2 dn 

is the W -entropy of the Witten Laplacian L = A — V<p ■ V on (M,g,/j,). 

As a consequence of the above M^-entropy formula, we have the following monotonicity 
and rigidity theorem for the M^-entropy for the Witten Laplacian on complete Riemannian 
manifolds, which also improves the previous result obtained in [28] . 

Theorem 2.6 Let (M,g) be a complete Riemannian manifold. Suppose that ||V fe Riem|| < 
C k for some constant C k > 0, < k < 2, <j> e C 4 (M) with V<p € Cf(M). Suppose that there 
exists a constant m> n such that 

Ric m . n (L) > 0. 

Then 

dW m (u,t) 



dt 



< 0, Vt > 0. 



That is, W m (u, t) is non-increasing in time t. Moreover, W m (u, t) attains its minimum at 
some point to > 0, i.e., 

dW m (u,t) _ Q 
dt 

holds at t — t , if and only if (M,g) is isometric to Euclidean space M. n , m = n, <f> = C for 
a constant Cel, and 

IMI 2 
6 4t 

The following result says that the uniform /i-volume lower bound condition (4) is in- 
deed an important condition which implies the validity of a family of logarithmic Sobolev 
inequalities on complete Riemannian manifolds with ^-bounded geometry condition. 

Theorem 2.7 Let M be a complete Riemannian manifold, and <f> e C 2 (M). Suppose that 
there exist some constants m> n and K > such that 

Ric min (L) > -K, 

and the uniform volume lower bound condition (4) holds, i.e., there exists a constant r > 
such that 

fi = M{n(B(x,ro) : x E M} > 0. 
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Then, for any t > 0, the following logarithmic Sobolev inequality holds: for all v e W 1,2 (M, //) 
with J M v 2 d/i = 1, we have 

I v 2 logu 2j " ^ "~ ' |V7 -' 2 
Jm 



I M J M 



dyL<Ar / \Vv\ z - m ( 1 + - log(47rr) ) - /x(t), 



where 



H(r) :=inf|w m ( U ,r) : u= ^^72 ■ / A /^ =1 } 
is a /miie number. 

Remark 2.8 When m e N, as was pointed out in [28], the quantity 



H m (u,t) = - ulogudfj, - — (1 + log(47rt)) 
Jm 1 

defined in (1) is the difference of the Bolztmann-Shannon-Nash entropy 

H(u,t) = — ulogudfi 
Jm 

of the time t-heat kernel measure ud/j on (M, g) and the Bolztmann-Shannon-Nash entropy 

777 

H{ lm ,t) = -{l + \og{A-Kt)) 

of the time i-Gaussian measure 7 TO (-, t) on K m , where 

ii^ii 2 

This observation together with the definition formula (1), i.e., 

W m (u,t) = j t (tH m (u,t)), 

gives a probabilistic interpretation of the W^-entropy functional (2) for the Witten Laplacian 
on complete Riemannian manifolds. See also [28] for the probabilistic interpretation of 
Perelman's VF-entropy for the Ricci flow. 

Remark 2.9 Theorem 2.3 and Theorem 2.4 are improved versions of Theorem 4.1 and 
Theorem 4.2 due to the author [28], where one need to assume the additional condition (4) 
holds. When M is a compact Riemannian manifold and is a constant, Theorem 2.3 and 
Theorem 2.4 arc due to Hamilton [18], Sheu [42], Hsu [20] and Stroock-Turesky [44]. In 
the case where L = A is the Laplace-Bcltrami operator on complete Riemannian manifolds 
with bounded geometry condition (in particular, the uniform volume lower bound condition 
(4) holds for /i = v) and for small time t > 0, Theorem 2.3 is due to Engoulatov [15]. In 
[22, 13], the authors proved the gradient estimates in Theorem 2.3 for L = A on complete 
Riemannin manifolds with non-negative Ricci curvature. 

Remark 2.10 In a very recent paper [30], Songzi Li and the author gave a new proof of the 
W-entropy formula on complete Riemannian manifolds by using the warped metric product 
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on M x N, where (N,g^) is any fixed compact Riemannian manifold of dimension m — n. 
This gives a natural geometric interpretation of the last term appeared in (3). See Remark 
2.2 in [30]. Moreover, we extended the W^-entropy formula to the heat equation of the 
time dependent Witten Laplacian on compact Riemannian manifolds on which the metrics 
{g(t), t € [0, T]} and the potential functions {</>(£), t G [0, T]} evolve along the m-dimensional 
Perelman Ricci flow and the conjugate heat equation 

d9 = -2(m c + ^6- v ^^ 



dt \ m— n 

dt m — n 

In this case, without assuming Ric m ^ n (L) > 0, we prove in [30] that the VF-entropy for the 
positive solution of the forward heat equation 

d t u = Lu 

of the time dependent Witten Laplacian L = A — -V, is non-increasing in time t e [0, T]. 

3 Hamilton's Harnack inequality 

In this section we prove Hamilton's Harnack inequality for the Witten Laplacian. 

Theorem 3.1 (i.e., Theorem 2.1) Let u be a bounded and positive solution of the heat 
equation d t u = Lu. Suppose that Ric + \7 2 (j) > —K. Then for all T > 0, we have 



|Vlogu(T,a;)f < ( - + 2^]log 



A 



u(T, x) 



where 

A := sup{u(t, x) : x e M, t e [0, T]}. 

Proof. In compact case, we can prove it by the same argument as used by Hamilton [18] for 
the Laplace-Beltrami. Indeed, a direct calculation yields 

|V?;I 2 2 

(d t -Ly- L = — |V 2 u-u -1 Vu<8> Vw| 2 - 2u~ 1 (ffic + V 2 <?(>)(Vw, Vw) 

u u 

< 2Ku- 1 \Vu\ 2 . 



Moreover 



(ft-L)(«Iog(A/«)) = l^L 2 . 



Let <j>{t) = jj^j. Then 

4>'{t) + 2K4>(t) < 1. 

Define 

h(x,t) := 4>{ty- L - u \ g(A/u). 
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We have 



(d t -L)h = 0'(t)ilJ_ + 0( t )(ft_L)ll_L_(ft_L) u Iog(^/«) 

< ^ w JM + 2 ^ (t) JM_W 

u u u 

= (^(() + 2jr^)-i)l^ 



< 0. 

Note that 

/i(a;,0) = -ulog(A/u)(x,0) < 0. 

By the maximum principle, we have h(x,t) < for all time t > and a; e M. This 
proves Theorem 3.1 in compact case. In general case of complete non-compact Riemannian 
manifolds with Ric(L) > —K, we can give a probabilistic proof to Hamilton's Harnack 
inequality as follows. Indeed, on any complete Riemannian manifold M with Ric+V 2 (f> > K, 
a previous result due to Bakry [3] says that the L-diffusion process on M has infinity lifetime. 
Let X t be the L-diffusion process on M starting from X n = x. Applying Ito's formula to 
h(X u T — t),t£ [0,T], we have 

h(X t ,T-t) = h(X ,T) + J Vh(X s ,T-s)-dW s + J (l- h{X s ,T-s)ds, 

where the second term in the right hand side is the Ito's stochastic integral with respect to 
a M- valued Brownian motion {W 8 , s € [0, t]}. In particular, taking t = T, we obtain 



h{X T ,0) = h(X ,T) + Vh(X s ,T-s)-dW s + J [l- h(X s ,T 



s)ds. 



Taking the expectation on both sides, the martingale property of Ito's integral implies that 

t-T 



E[h(X T ,0)] = h(x,T) + E 



> h(x,T). 



As %,0) < for all y £ M, we derive that h(x,T) < for all T > and x £ M. This 
finishes the proof of Theorem 3.1 on complete non-compact Riemannian manifolds. □ 

An alternative proof of Theorem 3.1. By [4, 6, 48], we know that Ric(L) = Ric+V 2 <fi > 
—K holds if and only the following version of logarithmic Sobolev inequality holds: for all 
T > 0, / e C b (M) with / > 0, 

< 1 _l K 2KT (iM/log/) - PrflogPrf) • 
Replacing / by P t f and using the fact that < P t f(x) < A for all x £ M, one has 
WPr+tfl 2 2K 

' p T+tJ f l < -t—Wt (PHPtf log A) - P T+t f log Pr+tf) • 

Thus 

2K 

|VlogP T+t /| 2 < 1 _ e _ 2KT log(A/P T+t f), V t > 0. 
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Taking t — > + we have 

2K 

|VlogP T /| 2 < 1 _ e _ 2KT log(A/P T f) 

~ <2K { 1 + ^f) lo s(A/P T f) 
< (2K + ^y g(A/P T f). 

The proof of Theorem 3.1 is completed. □ 

Remark 3.2 As was pointed out in Section 1, Theorem 2.1 was first proved by Hamilton [18] 
for the heat equation of the Laplacc-Bcltrami operator on compact Riemannian manifolds 
and was extended to complete Riemannian manifolds with Ricci curvature bounded from 
below by Kotschwar [22]. For a probabilistic proof of Hamilton's Harnack inequality for 
L = A on compact or complete Riemannian manifolds, sec [1]. The local version of Theorem 
2.1 for the Laplace-Bcltrami operator was proved by Souplet-Zhang [43]. In [2] (Theorem 
5.1), Arnaudon, Tahlmaier and Wang extended the local estimate of Souplet-Zhang [43] to 
the heat equation of the Laplacian with general drift L = A + Z, where Z is not necessary of 
gradient form Z = V</> and the Laplacian comparison theorem for L = A + Z is essentially 
used. Taking R — > oo in [2], wc can derive the following estimate for the bounded and 
positive solution of the heat equation d t u = Lu: there exists a constant C > 0, which 
depends only on n — dimM, such that for all x € M and t > 0, it holds 

|Vlogw| 2 <cQ+i^) [1 + log(jtyu)] . (8) 

where A := sup{u(t, x) : x £ M,t > 0}. Note that the Harnack inequality (7) is stronger 
than (8) . See also Section 8 for another probabilistic proof of the Hamilton type Harnack 
inequality for the Witten Laplacian on complete Riemannian manifolds. 

As a corollary of the above theorem, we can derive the following gradient estimate and 
the Liouville theorem due to Brighton [7] for bounded L-harmonic functions. 

Corollary 3.3 (i.e., Corollary 2.2)) Suppose that Ric(L) — Ric + \7 2 cf) > —K for some 
constant K > 0. Then every bounded L-harmonic function u satisfies 

|Vlog«| < 2inog(A/(ti-infu)), (9) 

where A = supu — inf u. In particular, if Ric(L) = Ric + V 2 </> > 0, then every bounded 
L-harmonic function must be constant. 

Proof. Applying (8) to u(t, x) = u(x) — inf u, x e M, t > 0, we have 

|Vlogu(a;)| 2 < ^2Jf+^log(A/(«(a:)-iiif«)), VT > 0. 

Taking T — > oo, we derive (9). In particular, if K = 0, we have |Vlogu| = 0. This finishes 
the proof of Corollary 3.3. □ 

Remark 3.4 In the case L — A, Yau [46] proved that, on complete Riemannian manifolds 
with Ricci curvature bounded below by —K, i.e., Ric > K, every harmonic function which 
is bounded below by a constant satisfies the gradient estimate 



|V log u\ < y/(n— l)K(u — inf u). 
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In particular, Yau [46] proved the Strong Liouville theorem holds: On complete Ricmannian 
manifolds with non-negative Ricci curvature, every positive (and hence bounded) harmonic 
function must be constant. See also [45]. In [25], the author extended Yau's gradient 
estimate and Strong Liouville theorem to the L-harmonic functions on complete Riemnnian 
manifolds via the Bakry-Emery Ricci curvature: Suppose that Ric m ^ n (L) > —K for some 
constant K > 0. Then every L-harmonic function u, which is bounded from below, satisfies 
the following gradient estimate 

|Vlogu| < \](m — l)K(u — inf u). 

In particular, if Ric m _ n (L) > 0, then all positive (and hence bounded) L-harmonic functions 
must be constant. In [26], the local gradient estimates was proved for L-harmonic functions: 
If Ric mtn {L) > —K, then every positive L-harmonic function u on M satisfies: for all o G M, 
and R > 0, we have 

|Vlogu(z)| < y/(m - l)Ku{x) + C(K, m)(ir 1/2 + iT 3/2 ), VxeB(o,R). 

In [7], Brighton proved that, on complete Riemannian manifolds with Ric + V 2 (j) > 0, every 
bounded L-harmonic function must be constant, i.e., Corollary 2.2. Our method for the 
proof of Corollary 2.2 is different from [7]. For more recent results, see [36, 37]. 



4 Gradient estimates of the heat kernel 

In this section we use a probabilistic approach to prove Theorem 2.3 and Theorem 2.4. Our 
proof is inspired by previous works initialed by Sheu [42], and developed by Hsu [20] and 
Engoulatov [15]. An alternative proof of Theorem 2.3 is given in Section 8 below. 

Let O(M) be the orthogonal frame bundle over M, ir : O(M) — > M the canonical 
projection map. Let H\, . . . ,H n be the canonical horizonal vector fields on 0(M). Let 
B t be the standard Brownian motion on IR™. Following Malliavin [33, 34], we define the 
horizontal L-diffusion process U t on O(M) by the following Stratonovich SDE on 0{M): 

n 

dU t = H i( u t) dB\ - V H <P{U t )dt, (10) 

i=l 

where V H (j) denotes the horizontal lift of the gradient vector field V</> on O(M), which is 
the unique horizontal vector field on O(M) such that 

Let 

X t =ir(U t ), Vt>0. 

Then X t is a diffusion process on M with infinitesimal generator L. Moreover, we have 

dX t = U t o dB t - V(f>(X t )dt. (11) 

n 

Let Aq(m) — X) Hi be the horizontal Laplace-Beltrami on O(M). The horizontal 
Witten Laplacian is deined by 

Lq(m) = A (m) - V H 4> ■ V H . 
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Fix T > 0. Let f x , y ,T be the conditional L-diffusion processes starting from x and ending 
at y t time T, i.e., 



c ,y, T (-)=W x (-\X T = y). 



Let 



J(t,«)=Iogpr_t(7ru,»), VneO(M),i€ [0,T]. 
By the Grirsanov transformation, we have 



Pr-t{X t ,y) 
Pr(x,y) 



= exp{ J(t, C/ t ) - J(0, (7 )}, Vt < T. 



where T t = a(X s ,s < t) is the natural cr-filed generated by X t . By Ito's formula, we have 
d J 

dJ(t, U t ) = — (t, E/- t )dt + V2(V fl J(t, f/ t ), dB t ) + L 0{M) J(t, U t )dt, 
Note that J(t, u) satisfies the Hamilton- Jacobi equation 



^-+L 0(M) J+\V H J\ 2 =0, 



(12) 



which yields 



exp 



[ (V2\7 H J(s,U s ),dB s )- f \\7 H J( s ,U s )\ 2 ds 
Jo Jo 



Vt < T. 



It follows, by Girsanov's theorem, that the process 

b t = Bt-y/2 f V H J(s,U s )ds, se[0,T), 
Jo 



(13) 



is a Brownian motion under P x , y ,T- Substituting (13) into 10) and (11), we have the following 
lemma. 

Lemma 4.1 The conditional L-diffusion process X t on M staring from x with terminal end 
y at the time T, and its horizontal lift U t , are the solutions of the following Stratonovich 
SDEs: 

n 

dU t = H ii u t) ° [^ db t + 2H * logPT-t(f/t, y)dt] - V H 0(U t )dt, 

i=i 

dX t = U t o [V2dbt + 2V H logp T -t(Ut,y)dt\ - V<f>{X t )dt, 
where bt is a standard Brownian motion on R" under W x , v ,t- 
Proposition 4.2 For all <t <T, we have 

E[d\W H J(t,U t )\ 2 ]=2E[\W H W H J\ 2 + {Ric + W 2 ^)(W H J,W H J)] . (14) 
Proof. By Lemma 4.1 and Ito's formula, we have 

d\V H J(t, U t )\ 2 = (V H \V H J| 2 , V2db t + 2V H Jdt) + (d t + L 0(M) )\V H J\ 2 dt. 
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By the generalized Bochner-Wcitzcnbock formula, the action of the horizontal Witten Lapla- 
cian Lq(m) on |V H J| 2 is given by 

Lo(M) W H J\ 2 = 2(V H L 0{M) J, V H J) + 2| V H V H J\ 2 + 2{Ric + V 2 0)(V ff J, V H J). 

On the other hand, using the Hamilton- Jacobi equation (12), we have 

d t \V H J\ 2 = 2(d t W H J, V H J) = -2{L 0(M) V H J,V H J) - 2(W H \W H J\ 2 ,W H J). 

Combining this with the previous calculation, we have 

d\V H J(t, U t )\ 2 = (V H \V H J\ 2 , V2db t ) + 2 [\V H V H J\ 2 + {Ric + V 2 </>)(V H J, V H J)] dt. 
Taking expectation with respect to l& x ,y,T, we complete the proof of Proposition 4.2. □ 
Proposition 4.3 Suppose that Ric + V 2 </> > —K. Then for all T > 0, we have 



\Vlogp T (x,y)f <2( i + ATlE 



log 



PT/2(X T /2,y) 

Pr(x,y) 



(15) 



Proof. Based on Proposition 4.2, the proof of Proposition 4.3 is similar to the argument used 
in [20, 15]. For the convenience of the reader, we give the detail here. Under the condition 
Ric + V 2 cj) > —K, integrating (14) from to t, we have 



E[\V H J(t 1 U t 



\V H J(0,U )\ 2 > -2KE 



Jo 



sM*)\ 2 ds 



Integrating again with respect to t we can obtain 



-\V H J(0, U(0)\ 2 < (1 + KT)E 



f T/2 \V H J(s,U s )\ 2 ds 
Jo 



(16) 



By Ito's formula and the Hamilton- Jacobi equation (12), we have 

dJ(t, U t ) = (d t + L 0{M) )Jdt + (V2V H J, dbt + V2V H Jdt) 
= (V2\7 H J,db t ) + \\7 H J\ 2 dt. 

Taking expectation with respect to E x ,y,T and integrating from t = to t = T/2, we get 

f-T/2 



E[J(T/2, U T/2 )] - J(0, U Q ) = E 



pi I A 
\ \V H J\- 

Jo 



dt 



Combining (16) with (17), we finish the proof of (15). 



(17) 



□ 



Proposition 4.4 Suppose that there exist some constants m > n, m € N and K > 
such that Ric m ^ n (L) > —K. Then, for any small e > 0, there exist some constants Ci — 
Ci(m, n, K, e) > 0, i — 1, 2, such that for all i,j/£ M and t > 0, 



Pt(x,y) < 



Ci 



exp 



d(x,y) + Vt 
Vt 



d 2 (x,y) 
A(l + s)t ' 

m/2 



aeKt^j 

' y/(m-l)Kd(x,y) 



exp 



(18) 
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where a is a constant depending only on m, and 



where 



Pt (x,y) > C 2 e-^^^-\B y {sft))e^ (~|^) 

(m- l) 2 K 



\f~Kd(x 1 y) 
sinh i/Kd(x, y) 



(19) 



Proof. The lower bound estimate (19) has proved in [28]. By Theorem 5.4 in [25], for all 
e > 0, there exists a constant C3 = (^(m, n, e) > 



Pt(a;,J/) < 



C 3 



cxp 



yj 'n(B x (Vt)MB y (Vt)) V 4 ( 1 + £ )* 



d 2 (x,y) 



asKt 



V 



(20) 



Similarly to [25] (Step 2 of p. 1324), using the Bishop-Gromov relative volume comparison 
theorem [38, 25], we have 



n(B y (Vi)) < n(B x (d(x,y) + Vi)\B x (d(x,y) - Vt)) 

< h(b {^t))y m,K<yd(yX ' ^ + ^ ~ Vm > K ( d ( x > y) ~ ^) 

< n{B x (Vt))- 



v m , K {V~t) 

Vm,K(d{x,y) + y^) 



v m>K {Vt) 

where V m ^K{r) denotes the volume of geodesic balls of radius r in the m-dimensional hy- 
perbolic space form M m (K) of constant sectional curvature K/m — 1. Using again the 
Bishop-Gromov volume comparison theorem on M m (K), we have 

n(B y (Vt)) < V m ,jf(d(a;,i/) + Vt) 



M-B*(Vt)) 



< 



K,,A-(>/t) 

d(X '^ + ^ ) m cxp [v ^W^,,)]. 



By (20) and (21), we can obtain the upper bound estimate (18). 
Proof of Theorem 2.3. By Proposition 4.4, we have 



(21) 

□ 



Pt/2(X t/2 ,y) 
Pt(x,y) 



< d{K,m,T) 



^By(Vt)) 



exp 



d 2 (x,y) , y/{m-l)Kd(X t/2 ,y) 



H{B y {jtj2)) \±{l~s)t 
f d(X t/2 ,y) + Vt\ 



+ 



\ Vt 



Kd(x, y) 



sinh vKd(x, y) 



The Bishop-Gromov volume comparison theorem ([38, 25]) implies 

< 2 m ' 2 exp(V^TKt) < 2 m / 2 cxp(V^T^T). 

IM(B y (y/t/2)) ~ 



■ (22) 



(23) 



Using (22), (23) and the elementary inequality xj sinh a; > e we obtain 
\Pt/2(X t/2 ,y)i r my.,„„\ a2 



log 



Pt(x,y) 



< C 2 (K,m,T) 

< C 3 {K,m,T) 



Vt 

1 | rf 2 (^/2,2/) | rf 2 (x,j/) 



d(X t/2 ,y) d 2 (x,y) 
1 + + + d(X t/2 ,y) + d(x, y) 

+ d(X t/2 ,y) + d(x,y) 
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By Ito's formula, we can prove that (cf. [28]) 

E x ^ T [d k (x t/2 ,y)} < (d k (x, y) + l) e c ^ K ^\ Vt > 0, k = 1, 2. 
Taking expectation with respect to E x ,y,T in (24), we have 



E 



x,y,T 



log 



Pt/2pQ/2,y) 



Pt(x,y) 
By Proposition 4.3, we have 



< C 5 {K,m,T) 



1 | d 2 (x,y) + l 



+ d{x,y) 



|Vlogp t (x,2/)| 2 < C 6 (K,m,T) 
< C 7 {K,m,T) 
The proof of Theorem 2.3 is completed. 



1 d 2 (x,y) + 1 d(x,y) 
f. t 2 t 

d{x,y) _L_ 

t Vt 



□ 



Proof of Theorem 2.4. The proof is similarly to Sheu [42] and Hsu [20]. Let / = 
{ii, . . . , in} ,and denote Hi = H il . . . H iN1 then by Lemma 4.1 and repeatedly using Ito's 
formula, we have 



dHiJ = {V H Bi J, V2db t ) + [d t HiJ + L 0{M) HiJ + 2(V H HiJ, V H J)] dt. 
Substituting the Hamilton- Jacobi equation (12) into (24), we have 
dHiJ = (V H HjJ, V2db t ) + (Fj + Gi)dt. 

where 

F, = [L 0{ M),H I ]J=[Ao {M ),H I ]J-[V H <j>,H I }J, 

and 

Gi = 2(V H H I J,V H J) - Hi\V H J\ 2 . 
By (17) and (22) , we have 



(24) 



(25) 



E 



f' 2 \v H j(t,u t )\- 

Jo 



dt 



< CT 



d(x, y) 1 



and by Theorem 2.3, we have 

\HiJ{0,U )\ <C 

Note that 



t Vr 

d{x,y) J_ 

T y/T, 



(26) 



(27) 



[V ff </>, Hi] J = Y^[{H k <f>)H k ,H!]J = ^{H k <t>[H k , H ^ J - HiH k <j)H k J), 
fe=i fc=i 

and by Cartan's structure theorem, we have 

[Hi,Hj] = Vij, [Hi,Vj k ] = Sl%Hi, {V i3 ,Vki] = Cij kl V ab , 
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where Vij are the vertical fields on O(M), ft is the o(n)-valued curvature form on O(M), 
and cfj M are the structure constants of o(n). The assumption of Theorem 2.4 says that the 
L°°-norms ||V fe ri|| 00 are bounded for all k = 0,1, . . . , N, and the L°°-norms ||V fe ^|| 00 are 
bounded for k = 1, . . . , N + 1. This yields 

< dlV^Jl + .-. + dKV^)! 1 ^!, (28) 
\G T \ < C 1 \W H J\ + ... + C 1 \(W H )^J\ + C 1 \(W H )^J\ 2 , (29) 

where C\ > is a constant depending only on ||V l fi||oo and ||VV||oo, i = 1, ...,|/|. By 
induction, and using (25), (26), (27), (28) and (29), we can prove that for all I with 2 < 
\I\ < N, 



E 



' ,T/2 
JO 



\H I J{t,U t )\ 2 dt 
and for all / with |7| < N, 

\HjJ(0,U )\ <C 3 



< C 2 



d{x,y) J_ 
T + VT 



2(|/|-1) 



d(x,y) 



i\i\ 



T 



(30) 



(31) 



where C2 and C3 are two constants depending on K, m, n, T and C\. The proof of Theorem 
2.4 is completed. For the detail of the above induction argument for L = A on compact 
Riemannian manifolds, see Hsu [20]. □ 



5 Proofs of Theorem 2.5 and Theorem 2.6 

Let 

H{u) = — ulogud/i. 
Jm 

be the Boltzmann-Shannon-Nash entropy of the heat equation of the Witten Laplacian on 
(M,g,n). 

To prove Theorem 2.5 and Theorem 2.6, we need the following entropy dissipation for- 
mulas for the Witten Laplacian on complete Riemannian manifolds. 

Theorem 5.1 ([28]) Let M be a complete Riemannian manifold, and <p £ C 2 (M). Suppose 
that there exists a constant K > such that 

Ric + \7 2 (j) > -K. 

Then, for any positive solution to the heat equation 

dtu = Lu 

with u(, 0) € 7 1 (m) L 4 (d(, o)dfi), where o € M is any fixed point, we have 

^-H{u) = -f Lulogudii. (32) 
dt J M 

Theorem 5.2 Let (M,g) be an n-dimensional complete Riemannian manifold. Suppose 
that ||V fe Riem|| < C k for some constant C k > 0, < k < 3, 4> € C 4 (M) with V0 e C h 3 (M), 
and there exists some m > n, K > such that Ric m , n {L) > —K. Then, for the fundamental 
solution of the heat equation d t u = Lu, we have 




16 



and 



d 2 

H{u) = -2j {\V A \ogu\ l +i?ic(L)(V log u, Vlogu))itd/z. (34) 

M 



dis- 



proof. Based on Theorem 5.1, we can prove (33) by the same argument as used in the proof 
of Theorem 4.3 in [28]. Integrating by part yields 



m u J M \ \ u J u 



Hence 



dt 2 



H(u) = 2 / (vLu,—\dfj,- [ Lu\V log u\ 2 dfi 
Jm \ u I Jm 

= 2 / (VLu, — )dfj,- I uL\\7\ogu\ 2 dfi. 
Jm \ u I J M 



By the Bochner formula for the Witten Laplacian, we have (see [28]) 

L|Vlogu| 2 = 2(VLlogw, Vlogu) + 2|V 2 log u\ 2 + 2Ric(L)(V logu, V log it) 
Therefore 



dt 2 



H(u) = 2 [ (vLu,—\dn-2 [ (VL\ogu,Vu)dfi 
Jm \ u I Jm 



-2 \ (\\7 z \ogu\ z + Ric(L)(V\ogu,V\ogu))udfi. 
Jm 

Again, integrating by parts yields 

/ < Vilogu, Vm > d[i = — / L log u ■ Lud [J, = / (V log u, VLujd/i. 
Jm Jm Jm 

Thus 

d 2 r 

—H{u) = -2 / (|V 2 logu| 2 + Ric{L){V\ogu,V\ogu))udii. 
dt J M 

The proof of Theorem 5.2 is completed. □ 

Remark 5.3 Theorem 5.2 is an improvement of Theorem 4.3 in [28]. The entropy dissipa- 
tion formulas (32) and (33) play an important role in the study of the convergence to the 
equilibrium measure of the heat equation dtu = Lu and for the diffusion processes defining 
by the following SDE on Riemannian manifold (M,g): 

dX t = dW t - V<p(X t )dt, (35) 

where Wt is a Brownian motion on (M, g). In the case where M is compact and 4> £ C 3 (M), 
it is well-known that the entropy dissipation formulas (32) and (33) hold. However, as far as 
we know, even in the non-weighted case, it seems that there is no precisely written result in 
the literature (except our previous paper [28] ) which ensures the entropy dissipation formulas 
(32) and (33) on general complete non-compact Riemannian manifolds (M,g). Theorem 5.1 
and Theorem 5.2 give us natural geometric conditions on (M,g, (f>) to ensure (32) and (33). 
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Proof of Theorem 2.5. We simplify the proof of Theorem 2.3 in [28] as follows. Let 

f 77% 

H m (u,t) = - / ulogud^- — (1 + log(47rf)) . 

JM Z 



By Theorem 5.1 and Theorem 5.2, we have 
d_ 
dt 

and 

f_ 

dt 2 j m 

By the definition formula (1) of the VK-entropy, we have 



/ 777 ( / 777 \ 

H m (u,t) = - uLlogud/j, - — = (|Vlogw| 2 - — ) ud/j, 
Jm lt Jm v zt/ 

H m (u,t) = -2 / (|V 2 logw| 2 + Ric(L)(\7\ogu,\7logu))udfi + 
Jm 



m 
2fi' 



W m (u,t) = j t {tH m {u,t)) = H m (u,t) +tj t H m {u,t), 



and 



d d d?* 

jW m (u, t) = 2—H m (u, t) + t—H m (u, t). 

—f 

Substituting (32) and (36) into (38), and using u = ^ t ^ m/2 , we obtain 

W m (u,t) = — I ulogud^j, — ^ (1 + log(47rf)) — t / uLlogud^i — 
Jm 2 J M 



(36) 
(37) 

(38) 
(39) 



rn 
~2 



M 



t|Vlogu| — logu — m — — log(47rf) 



udfj, 



I [*|v/| 2 

JM 



+ f ~ m] 



-f 



-dii. 



This proves (8) in Theorem 2.5. Substituting (36) and (37) into (39), we obtain 
d_ 

dt j M j , , 

Noting that 



: W m (u,t) = -2 uLlogudfi-2 i(|V 2 logu| 2 + Ric(L)(W log u, Wlogu))ud/j, 

' JM JM 



m 
2t' 



2t\V 2 \ogu\ 2 + -=2t 
1 6 1 2t 



V log u — 



2t 



+ 



m — n 



2t 



+ 2Alogu, 



and by the integration by part formula 

/ Aloguudfx = / (Llogw + V</> • Vlogu)ud/i 
JM Jm 



J 

JM 



/' 

JM 



Vloguj udfi+ / -V log uudfi, 



we have 



jW m (u,t) 



-2t 



J 

JM 



V 2 logu - f- 
5 2t 



ud[i + 2 / V(j> ■ Vloguudfx 
Jm 

m — n 



—2 / tRic(L)(V logu, V \ogu)ud[i — 
Jm 2t 



By the same argument as in [28], the above identity yields (8). The proof of Theorem 2.5 is 
completed. □ 

Proof of Theorem 2.6. The monotonicity part of Theorem 2.6 follows immediately from 
Theorem 2.5. The rigidity part of Theorem 2.6 can be proved by the same argument used 
in Theorem 2.4 in [28]. □ 
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6 LSI and Lower boundedness of the VK-entropy 

Following [41], we introduce the best logarithmic Sobolev constant 

M (r):=inf|w m (n,r): u= ^J )mj2 , ^nrf M =lJ. 

In [28], the author proved that /i(t) is always bounded from below on compact Riemannian 
manifolds M with <fi € C 2 (M). In this section, we prove a family of logarithmic Sobolev 
inequalities (LSI) on complete Riemannian manifolds with /i-bounded geometry condition. 
Proof of Theorem 2.7. Let v = y/u. Then we can rewrite W m (u,r) as follows 



W m {u,T)=4r \Vv\ 2 dn- v 2 \ogv 2 dn- (m+ ^ log(47rr) ) . 

Jm Jm V 2 / 

We need to prove, for all v € C§°(M) with J M v 2 d\i = 1, we have 

4r / \\7v\ 2 d^- v 2 \ogv 2 d^ - m (l + - log(47rr)j > fi(r) > -co. (40) 
Jm Jm V 2 / 

Under the conditions of theorem, by Theorem 2.8 in [27], the following L 2 -Sobolcv inequality 
holds: there exists a constant Ci(m, K, /z ) > 0, depending only on m,K,fj, , such that 

Il/H 2 ^ <Ci(m,A-,/io)(||V/||i + 11/11^), V/eC °°(M). 

By [12], the above L 2 -Sobolev inequality implies that, for any e > 0, there exists a constant 
(3(e) > such that the following logarithmic Sobolev inequality holds 

f f\ogfdn<e f |V/| 2 + /3( £ )||/||| + H/III log \\f\\l V/eC »(M), (41) 
Jm Jm 

where for some constant Ci(jn, K, /iq) > depending only on m,K, jiQ, we have 

TTi 

/3(e) < C 2 (m,K,fi ) - — logs. 
Applying (41) to / = v € C£°(M) with J M v 2 dfi = 1, and taking e — 4r, we have 

f v 2 \ogv 2 d[i < 4r [ \Vv\ 2 - m ( 1 + ^ log(47rr) ) - /x(t), 
Jm Jm V 2 / 

where 

-fi(r) := /3(4r) + m (l + 1 log(47rr)^ , 

This proves (40) with 

h(t) > - [C 2 (m,K,n a ) + m+ —log(4ir)J , Vr > 0. 
This finishes the proof of Theorem 2.7. □ 
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7 Analytic proof of Theorem 2.3 



In this section, we use Hamilton's Harnack inequality to give an analytic proof of Theorem 
2.3. This proof is similar to the one given in [22, 13] for the first order gradient estimate 
of the logarithmic heat kernel of the Laplace-Beltrami operator on complete Riemannian 
manifolds with non-negative Ricci curvature. 

Analytic proof of Theorem 2.3. Fix T > 0, and let u(t,x) be a positive and bounded 
solution to the heat equation <9 t w = Lu, t <G (0, ii). Let 

A := sup{u(t,x) : < t < h,x € M}. 

By Hamilton's Harnack inequality (8), we have 

t|Vlogu(t,x)| 2 < (l + 2Kt)log(A/u(t,x)), V(t, x) e [0, ti] x M. (42) 

Let s € (0,T], y € M, t\ — s/2 and u(t,x) = p s /2 +t (x, y). By (42), (18) and (19), we have 

t\V x logp s/2+t (x, y)\ 2 < C K , m .T{t + Kt) 

d 2 (x,y) 



l + ^ + log(^^%^S^cx P (C 3 



Vt ' ~° ^Cs ^(y, yi/2)) 
In particular, taking t = s/2 and changing s by < we get 



s/2 + t 



+ dd{x, y) 



t\V x log Pt (x,y)\ 2 < C K , m , T (l + K^) 



1 + 



d{x,y) 



+ log 



Ci li{B{y,sft)) 



exp C 3 



d 2 {x,y) 



V~t ~° \C 2t x(B(y,y/t/2)) 
By the Bishop-Gromov volume comparison (23), we derive 

d 2 (x,y) d(x,y) 



+ C 4 d(x,y) 



t\V x \og Pt (x,y)\ 2 <C K ,m,T 1 + 



which yields 



\V x \ogp t {x,y)\ < C K , m ,T 



+ 



d(x, y) 



Vt 



Vt 



d{x,y) , 



This finishes the analytic proof of Theorem 2.3. 



□ 



8 Another probabilistic approach to the Hamilton type 
Harnack inequality 

In this section we develop another probabilistic approach to the Hamilton type Harnack 
inequality for the Witten Laplacian on complete Riemanian manifolds. 

Let X t be the L-diffusion process on M, and let U t its horizontal lift to O(M). Let 
F t — <j(X Si s < t) be the natural complete cr-filed generated by X t . Let u be a positive 
solution of the heat equation 

d t u = L 0(M) u. 

Fix T > 0. Let 

J(t,x) =logu(T-i,7rr), W G 0(M),tG [0,T]. 
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Now we introduce the following Doob /i-transform for the L-diffusion process X t on M. 
Let P Xi t be the law of the conditional L-diffusion process starting from x and with transition 
density 



E*,t(0 



1 



u{T,x) 



E x [u(T-t,X t )£], 



where £ is any bounded ^-measurable random variable. By the Grirsanov transformation, 
we have 



dP x: 



dV x 



u(T-t,X t ) 



u(T, x) 



exp{J(t,U t )-J(0,U )}, Vt<T. 



By Ito's formula, we have 
dJ. 



dJ(t, U t ) = — (t, U t )dt + V2(\7 H J(t, U t ), dB t ) + L 0{M) J(t, U t )dt, 



Note that J(t, u) satisfies the Hamilton- Jacobi equation 

7 H r|2 



dJ 

— +L 0(M) J+\W H J\ 2 =0, 



(43) 



which yields 



/ (V2\7 H J(s,U s ),dB s )- f \\7 H J( S} U s )\ 2 ds 
Jo Jo 

It follows, by Girsanov's theorem, that the process 

h = Bt - \/2 / V H J(s, U s )ds, s g [0, T), 
Jo 



Vt < T. 



(44) 



is a Brownian motion under P Xi t- Substituting (44) into (10) and (11), we have the following 
lemma. 

Lemma 8.1 The conditional L-diffusion process X t on M staring from x with transition 
semigroup P X ,T; and its horizontal lift Ut, are the solutions of the following Stratonovich 
SDEs: 

n 

dU t = ^H t (U t )o \V2dbl + 2H, log u(T - t, U t )dt\ - \7 H cp(U t )dt, 

i=l 

dX t = U t o \V2db t + 2\7 H log u(T - t, U t )dt] - \7(j)(Xt)dt, 

where b t is a standard Brownian motion on R" under P Xi t- 
Proposition 8.2 For all < t < T , we have 

E[d\W H J(t, U t )\ 2 } = 2E [\W H W H J\ 2 + {Ric + V 2 4>){V H J, V H J)] . 
Proof. The proof is as the same as the one of Proposition 4.2. 
Theorem 8.3 Suppose that Ric + V 2 <j> > —K. Then for all T > 0, we have 



|Vlog U (T,x)| 2 <2( -+ A" ! E 



log 



u(T/2,X T/2 ) 
u(T,x) 



(45) 
□ 

(46) 
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Proof. The proof is as the same as the one of Proposition 4.3. 



□ 



As a corollary, we can derive the following Hamilton type Harnack inequality for the 
Wittcn Laplacian on complete Riemanian manifolds. 

Corollary 8.4 Let u be a bounded and positive solution of the heat equation dtu = Lu. 
Suppose that Ric + V 2 <p > —K. Then for all T > 0, we have 



Proof. The Hamilton type Harnack inequality (47) follows from (46) in Theorem 8.3. □ 
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